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SUMMARY 



The tables of stiffness and carry-over factor that 
were presented In NACA Technical Note No. 652 have been 
extended to Include the stiffness of a menber with the 
far end subjected to a moment equal and opposite to the 
moment applied at the near end. These tables are of use 
In solving problers In the stability of structural members 
under axial load as well as In the usual applications of 
the Cross method of moment distribution when the effects 
of axial load In the members are considered. The values 
presented are for structural members In which the cross 
section and the axial load do not vary alon^ the length 
of the member. The Interval between successive values 
of the arp;iment is small enough to malce Interpolation 
unnecessary In englncprlngr calculations. 



D-TROLrCTION 



The tables of stlffnepp and carry-over factor frlven 
In reference 1 have been foiind useful In the applications 
of moment-distribution methods to a number of structural 
problems. Recent studies have shown the desirability of 
Including In these tables an additional stiffness that 
was not formerly presented. The present paper has 
therefore been written to Include In the tables values 
for this additional stiffness as well as the material of 
reference 1 and consequently supersedes reference 1. 

The method of moment distribution developed by Hardy 
Cross (reference 2) can frequently be used to advantage 
In the stress analysis of continuous beams, continuous 
frames, and rigid Joint trusses, some of '7hlch occur In 
aeronautical structures. In reference 3, James summarized 
the principles of the Crbss method and showed how the 
effects of axial load In the members may bo considered In 
a moment-distribution analysis. In reference 4, It was 
shown how the principles of moment distribution may be 
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used to solve problems In the stability of structural 
members under axial load. 

In the stability calculations an v^ell as In the more 
usual type of 3norent-rtlstr?.butlon analysis In which the 
effects of axial load are considered, it Ip desirable to 
have tables f^lving the stiffness and the carry-ovfir factor 
as a function of the axial load Rnd properties of the 
member. Such a set of" tables was presented in refer- 
ence 1. 

Ill the use of the principles of moment distribution 
as applied to the stability of plates (reference 5) the 
ptlffhess of a plate with the far edge subjected to a 
moment equal and opposite to the monent applied at the 
near edge v.-as found useful in stability problems in which 
the assembly of plate? was synmetrlcal about a plate. 
Because the equations that must be satisfied for the sta- 
bility of plates are Identical in their general form to 
those for bars under axial load, a correspondinc stiffness 
for bars Is desirable. As is the case for plates, this 
stiffness is denlgnated S-'-^, and values are presented 
heroin. 

The tables apply to members for which the cross 
section and axial load do not vary along the len/:th of 
the membor. The interval betv/een successive values of 
the argument was made sufficiently small that Interpola- 
tion would be unriecerrary for most engineering calcula- 
tions. 



E modulus of elaTticity 

E effflctlvo rodulus of elasticity for stresses beyond 
the elastic ranrs 

I moTient of inertia of cross section about centroidal 
axis perpendicular to plane of bending 

L length of member 

P axial load in member (absolute value) 
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For compression members 




For tonsion members 



Effective values of a and p are obtained by substi- 
tution of (L/J) for L/J. 

erf 



The symbols used to designate the stiffness and 
carry-over factor for the different types of restraint 
at the far end are given in the following table and 
correspond to those used in reference 5s 



Stiffness 


Carry-over 
factor 


1 

1 


Conditions at far end 


S 


C 


Par 


end fixed against rotation. 


si 


ci 


Par 


end elastically restrained 
against rotation. 




= 0 


Wo r 


estraint agalnet rotation 
at far end. 


siv 


C^^^ = -1 


Par 


end subjected to a Ejoment 
equal and opposite to that 
applied at near end 



The quantities S^, C^, S^^, and C^^ of this paper 

are the quantities s', c', s", and c", respectively, 
of reierences 1 end l^. 



DEFINITIO-'S 



The following definitions of carry-over factor and 
stiffjp.ess are the sa-ne as those fjiven in reference 

Cerr-p--over ^factor .- Jf e meiaber is on unyielding 
supports at each end End a moment is applied at the near 
end, the i-ptio oj" tlie nc.-nerit developed et the far end' to 
the nonent i.pplied at ^he near end la called tho carry- 
over factor. 

■Stiffnea? .- If a wemorr is or unyielding supports 
at each end, the mc.nent at one end nectssary to produce 
a rotntlcu of one-foiu'th radian of that end is called 
the stiffness. 
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The stiffness of a member computed according to this 
definition Is one-fourth that compute'd according to the 
definition used by Cross (reference 2). In the Cross 
method, the relative stiffness of the members la of Im- 
portance and not the absolute valTie. The foregoing 
^ definition was selected so that the stiffness of a member 

of constant cross sectj^on with no axial load and fixed at 
the far end would be El/L Instead of ^EI/L. 

Sign convention .* The sign convention used In this 
report Is the same as that used In references I4. and 3* 
A clockwise moment acting on the end of a member is 
positive. An external moment applied at a Joint is 
considered to act on the Joint; a counterclockwise 
moment acting on a Joint Is positive. 



TABLES 



Tables I and II do not give directly the values of 
stiffness but_give. Instead, values of stiffness divided 
by a factor EI/L. The actual atiffneasea are therefore 
obtained by multiplying the values in the tables by EI/L. 
The value of C is read directly from the tables. 

g 

Formulas used in calculation.- The quantities = — r-, 
1 jjl/L 

oil qlV 

• and C are tabulated for values of 



eiA' eiA* 

(L/J)gfl> In tables I and II for compression and tension, 
respectively. The stiffness S^ and carry-over 
factor that apply when the far end of the member is 

elastically restrained are dependent on the restraint at 
the far end and can be computed by the formulas given In 
reference Ij. or 3* 

In the elastic range of the material comprising the 
members, E = E and ^-jj = (^]» Above the elastic 

range, however, it is necessary to use a reduced modulus E 
which is called the effective modulus. A method for ob- 
taining the effective modulus from the accepted column 
formula for the material is described in reference k.. 



The formulas usod In calculating the second, third, 
fourth, and seventh coluirins in tables I and II are: 




(1) 



5lL 
El/L 



(2) 



ei/l 



s 




(3) 



ei/l 



ei/l 



1 1 
1 + -ci 



(k) 



Equations fl) and (2) were first presented by James 
in reference p, Equat?on (5) followa froxH equation (13) 
of reference U, and equation (h) § from equation (li;) of 
reference 5» 

The fifth and sixth columns ir_ tables I and II were 
obtained fror.^ the preocdina colu'-nns, as indicated by 
their headings. Those columne are included ea a con- 
venience because they are of use in some stability 
calculations (reference h.) . 

A ccuracy of tables .- The tables of reference 6 vere 
used in the i)repai'f:tion of babies I and II. All* values 
presented are accui'ate to the nmibsr cf places given. 
Equations (1), (2), and (5) v/ere used to calculate the 
sfocond, third, and fourth coljmne, reopoi-jtively. The 
fifth co].tvnn was obtained by squariniv the second column. 
The sixth coluirji was obtt\in3d by flquoring the foui'th 
column and rauHtiplylng by the fiftl± colus-n. The eixth 
column was therefore made to depend on ail preceding 
colurrns. All values were tabulated to six significant 
figures and the dil'f erences for the last column were 
taken; in some cases differences as hif^h as the fourth 
order were used. The difforences were studied and, 
where irregularities occurred, the tables were checked. 
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An Independent clieck vas also made of a series of values 

gIV 

throughout the tables. The values for were 

^ computed fl>om equation (I).) and were Independently checked. 
I 

Langley Memorial Aeronautical Laboratory, 

National Advisory Conmlttee for Aeronautics, 
Langley Field, Va. 
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4.6I;015 






00361034 
00376376 
90371802 
003*7309 


.0S01525 
.0600292 
.0799077 
.0797876 
.0796695 


U.27500 
4.30000 
4.32500 
4.35000 
4.57500 


17.6 
17.7 
17.6 

17.9 
18.0 


.06aeli09 
.0598802 
.0595258 

■.^ 


L.66506 


4.68205! 
4.70685' 
4.75165 

ll.1fil25 




00362837 
0035856k 
00351^308 
00350127 
00346020 


.0795526 
.0794377 
.07932m 
.0792121 
.0791015 


1; .40000 
4.1(2500 
4.1(.5000 
4.1^7500 
4.50600 


IS.I 

1B.2 

18.3 
18.4 
18.5 


.05«o54 
.05*712 
.osni^ 


t:|i2§ 

U.83945 
4'g£37 
4.88929 


lt..8o6o6 
4.83066 

•1.90550 




00314985 
00338020 
00331024 
OOJ3029U 
00326530 


:M 

.057763 
.0766733 
.0785697 


4.52500 
4.55000 
4.57500 
4.60000 
4.62500 



18.6 
18.7 
18.^ 
18.9 
19.0 

19.1 
19.2 
19.3 
19.4 
19.5 

19.6 
19.7 
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19.9 
20 

21 
22 

25 
26 

ll 

29 
30 



35 
36 

u 

45 



49 

50 



0.0568182 

.056t972 
.0561798 
•0556659 
.0555555 

.055 
•05 

•05,-^ 
•05434,78 
.051(051(0 

.0537631^ 
■ 053lt759 
.0531915 

.0529100 
.0526316 

.0500000 
.ofiTjSMO 

.0435]f5 
.0416667 

.ol^ooooo 
.038U615 
.0^70370 

•05355^3 



.03225 
.0312500 
.0303030 
.0294118 

.028571k 
.0277778 
.0276270 
.0263158 
.o256iao 

.0250000 
.0243902 
.0238095 
.0232558 
.0227273 

.0222222 
.0217391 
.0212766 
.0208535 
.0204082 



k.93?12 
k.96k05 
!i .96897 
5.0138 




5.23623 
5.26316 

5.51250 
5.76190 
6.01136 
6.26067 
6.5io((2 

6.76000 
7.00962 
7.25926 

7*7^2 

8.00633 
8.25806 

e.507fli 
6.75758 

9^uOY55 




10.5063 
10.7561 
11.0060 
11.2558 
U.5057 

"•255,6 
12.005U 

12.2553 
12.5052 

12.7551 



8 

El/t 



1^.93012 

!l.95U?4 
1;.97?76 

5.oo4r 



5.0291 

5.05l;2lt. 
5.0' 

5 " 
5 

5.15357 

5.17841 
5.20|i5 
5.22809 

5.277^ 
5.52632 

6.272"- 
6.5^1' 



13 
000 
'25 



6. 
7. 

7.21 

7*76' 



8.01 72U 
8.26667 

§'5i^J' 
8,76563 

9.01515 
9.26k- 



ioIzSj 

10.5128 
10.7625 
U.0122 
11.2619 
11.5U6 

11.7611^ 
12.0111 
12.2609 
12.5106 
12.7604 



0.00322830 
.0^19193 
.00315617 
.00512100 
.0050861(2 




.00250000 
.00226757 
.00206612 
.00189036 ■■ 
.00175611' 

.00160000 
,00147929 
.0O1371tC 
.00127551 
.OOIII1906 

.00111111 

.00104058 
.000976563 




.00062 
.00059] 
.000566695 
.000540835 
.000516529 

.000495827 

4-72'^ 




(Kl/t)2 



.0782667 
.0781602 
.0760709 

.org-jw 

•07^2 




.0775116 
.0774223 

:m 

.0771605 

.0763504 
.0756250 
.0^9716 
.07^3302 
.07381(22 

.0753507 
.0729000 
.0721(852 
.0^1022 
.071*74 

.07ll(.l6o 
,0711111 
.0706247 
.0705506 
.0705055 




'oUSS 
!o684u92 

.0683110 
.0681790 
.0680519 

!o67ll6B 



KI/L 



1). 65000 
4.67500 
4.70000 
4.72500 
1^.75000 

IM. 

4.62500 
li. 85000 
4,87500 



k.92500 
4.95000 
t.97500 
5.00000 



5.2500 

5.5000 

5.75000 

6.60000 

6.25000 

6.50000 
6.75000 
7.60000 
7.25000 
7.50000 

7.75000 
8.60000 
&.25OOO 
6.56000 
8.75000 

9.00000 
9.25000 
9.56000 

?. 75000 
0.0000 

10.2500 
10.5600 
10.7500 
11.0000 

11.2500 

11.5000 
n.7500 
12.6600 
12.2500 
12.5000 



3 1176 01364 9802 



